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Abstract
The energy-momentum distribution of spatially homogeneous ro-
tating spacetimes in the context of teleparallel theory of gravity is in-
vestigated. For this purpose, we use the teleparallel version of Moller
prescription. It is found that the components of energy-momentum
density are finite and well-defined but are different from General Rel-
ativity. However, the energy-momentum density components become
the same in both theories under certain assumptions. We also analyse
these quantities for some special solutions of the spatially homoge-
neous rotating spacetimes.
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1 Introduction
Till now, several attempts have been made to unify gravitation with other in-
teractions, including Einstein’s, which led to the investigation of basic struc-
tures of gravitation other than the metric tensor. These structures yield the
metric tensor as a by product. Tetrad field is one of these structures which
leads to the theory of teleparallel gravity (TPG) [1,2]. TPG is an alternative
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theory of gravity which corresponds to a gauge theory of translation group
[3,4] based on Weitzenbo¨ck geometry [5]. This theory is characterized by
the vanishing of curvature identically while the torsion is taken to be non-
zero. In TPG, gravitation is attributed to torsion [4] which plays a role of
force [6]. In General Relativity (GR), gravitation geometrizes the underly-
ing spacetime. The translational gauge potentials appear as a non-trivial
part of the tetrad field and induce a teleparallel (TP) structure on spacetime
which is directly related to the presence of a gravitational field. In some
other theories [3-8], torsion is only relevant when spins are important [9].
This point of view indicates that torsion might represent additional degrees
of freedom as compared to curvature. As a result, some new physics may be
associated with it. Teleparallelism is naturally formulated by gauging exter-
nal (spacetime) translations which are closely related to the group of general
coordinate transformations underlying GR. Thus the energy-momentum ten-
sor represents the matter source in the field equations of tetradic theories of
gravity like in GR.
The localization of energy (i.e., to express it as a unique tensor quantity)
has been a longstanding, open and controversial problem in GR [10] which
is still with out a definite answer. As a pioneer, Einstein [11] introduced
the energy-momentum pseudo-tensor and then Landau-Lifshitz [12], Papa-
petrou [13], Bergmann [14], Tolman [15] and Weinberg [16] proposed their
own prescriptions to resolve this issue. All these prescriptions can provide
meaningful results only in Cartesian coordinates. But Mo¨ller [17] introduced
a coordinate-independent prescription. The idea of coordinate-independent
quasi-local mass was introduced [18] by associating a Hamiltonian term to
each gravitational energy-momentum pseudo-tensor. Later, a Hamiltonian
approach in the frame of Schwinger condition [19] was developed, followed by
the construction of a Lagrangian density of TP equivalent to GR [4,6,20,21].
Many authors explored many examples in the framework of GR and found
that different energy-momentum complexes can give either the same [22] or
different [23] results for a given spacetime.
Mikhail et al. [24] defined the superpotential in the Moller’s tetrad theory
which has been used to find the energy in TPG. Vargas [25] defined the TP
version of Bergman, Einstein and Landau-Lifshitz prescriptions and found
that the total energy of the closed Friedman-Robinson-Walker universe is
zero by using the last two prescriptions. This agrees with the results of GR
available in literature [26]. Later, many authors [27] used TP version of these
prescriptions and showed that energy may be localized in TPG. Keeping this
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point in mind, this paper is addressed to investigate the energy-momentum
distribution of spatially homogeneous and rotating spacetimes by using the
TP version of Mo¨ller prescription.
This paper is organized as follows. Section 2 contains an overview of the
TP theory. In section 3, we investigate the energy-momentum distribution of
spatially homogeneous rotating spacetimes by using the TP version of Mo¨ller
prescription. Section 4 is devoted to discuss five special cases of the metric
representing spatially homogeneous rotating spacetimes. The last section
will furnish a summary and a discussion of the results obtained.
2 An Overview of the Teleparallel Theory
The TP theory is based on Weitzenbo¨ck connection given as [28]
Γθµν = ha
θ∂νh
a
µ, (1)
where ha
ν is a non-trivial tetrad. Its inverse field is denoted by haµ and
satisfying the relations
haµha
ν = δµ
ν ; haµhb
µ = δab. (2)
In this paper, the Latin alphabet (a, b, c, ... = 0, 1, 2, 3) will be used to de-
note tangent space indices and the Greek alphabet (µ, ν, ρ, ... = 0, 1, 2, 3) to
denote spacetime indices. The Riemannian metric in TP theory arises as a
by product [4] of the tetrad field given by
gµν = ηabh
a
µh
b
ν , (3)
where ηab is the Minkowski metric ηab = diag(+1,−1,−1,−1). For the
Weitzenbo¨ck spacetime, the torsion is defined as [2]
T θµν = Γ
θ
νµ − Γθµν (4)
which is antisymmetric w.r.t. its last two indices. Due to the requirement of
absolute parallelism, the curvature of the Weitzenbo¨ck connection vanishes
identically. The Weitzenbo¨ck connection also satisfies the relation
Γ0
θ
µν = Γ
θ
µν −Kθµν , (5)
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where
Kθµν =
1
2
[Tµ
θ
ν
+ Tν
θ
µ − T θµν ] (6)
is the contortion tensor and Γ0
θ
µν are the Christoffel symbols in GR.
Mikhail et al. [24] defined the super-potential of the Mo¨ller tetrad theory
as
Uµ
νβ =
√−g
2κ
P τνβχρσ [V
ρgσχgµτ − λgτµKχρσ − (1− 2λ)gτµKσρχ], (7)
where
P τνβχρσ = δχ
τgνβρσ + δρ
τgνβσχ − δστgνβχρ (8)
and gνβρσ is a tensor quantity defined by
gνβρσ = δρ
νδσ
β − δσνδρβ. (9)
Kσρχ is the contortion tensor given by Eq.(6), g is the determinant of the
metric tensor gµν , λ is the free dimensionless coupling constant of TPG, κ is
the Einstein constant and Vµ is the basic vector field given by
Vµ = T
ν
νµ (10)
The energy-momentum density is defined as
Ξνµ = U
νρ
µ ,ρ , (11)
where comma means ordinary differentiation. The momentum 4-vector of
Mo¨ller prescription can be expressed as
Pµ =
∫
Σ
Ξ0µdxdydz, (12)
where P0 gives the energy and P1, P2 and P3 are the momentum components
while the integration is taken over the hyper-surface element Σ described by
x0 = t = constant. The energy may be given in the form of surface integral
[17] as
E = lim
r→∞
∫
r=constant
U0
0ρuρdS, (13)
where uρ is the unit three-vector normal to the surface element dS.
4
3 Teleparallel Energy of Spatially Homoge-
neous Rotating Spacetimes
After the pioneering work of Gamow [29] and Go¨del [30], the idea of global
rotation of the universe has become a favorite topic in the research field of
GR. The metric representing spatially homogeneous universes with rotation
but no shear can be given as
ds2 = dt2 − dr2 −A(r)dφ2 − dz2 + 2B(r)dtdφ, (14)
where A(r) and B = B(r) are arbitrary functions. The metric given by
Eq.(14) represents five spacetimes [30,31], which can be achieved by choosing
particular values of the metric functions A and B. Using the procedure
adopted in the papers [32,33], the tetrad components of the above metric
can written as
haµ =


1 0 B 0
0 cosφ −∆sin φ 0
0 sinφ ∆cosφ 0
0 0 0 1

 (15)
with its inverse
ha
µ =


1 0 0 0
B
∆
sin φ cosφ − 1
∆
sinφ 0
−B
∆
cosφ sinφ 1
∆
cos φ 0
0 0 0 1

 . (16)
Here ∆ = ∆(r) =
√
A+B2. In view of Eqs.(15) and (16), Eq.(1) yields the
following non-vanishing components of the Weitzenbo¨ck connection:
Γ012 = −B
∆
, Γ021 = B
′ − B∆
′
∆
,
Γ212 =
1
∆
, Γ221 =
∆′
∆
,
Γ122 = −∆. (17)
The corresponding non-vanishing components of the torsion tensor are
T 012 = B
′ +
B
∆
(1−∆′),
T 212 =
1
△(∆
′ − 1). (18)
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Substituting these values in Eq.(10) and then multiplying by g11 and g33
respectively, we get
V 1 =
1
∆
(∆′ − 1), (19)
V 3 = 0. (20)
In view of Eqs.(18) and (6), the non-vanishing components of the contorsion
tensor are
K100 =
B
∆3
(B +B′∆− B∆′) = −K010,
K122 =
1
∆3
(∆′ − 1) = −K212,
K102 = K120 =
B
∆3
(1−∆′) + B
′
2∆2
= −K012 = −K210,
K021 =
B′
2∆2
= −K201. (21)
It should be mentioned here that the contorsion tensor is antisymmetric w.r.t.
its first two indices. Making use of Eqs.(19)-(21) in Eq.(7), we obtain the
required independent non-vanishing components of the supperpotential in
Mo¨ller’s tetrad theory as
U010 =
1
2κ∆
{(1 + λ)BB′ + 2∆(1−∆′)} = U100 ,
U012 =
1
2κ∆
{(1 + λ)B2B′ + (1− λ)∆2B′ + 2B∆(1−∆′)} = −U102 ,
U210 = −
1
2κ∆
(1 + λ)B′ = −U120 . (22)
It is worth mentioning here that the supperpotential is skew symmetric w.r.t.
its last two indices. When we make use of Eqs.(22) in Eq.(11), the energy
density turns out to be
Ξ00 =
1
2κ∆2
{(1 + λ)(∆BB′′ +∆B′2 − BB′∆′)− 2∆2∆′′}. (23)
For λ = 1
EdTPT = E
d
GR − ∆
′′
κ
, (24)
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where Ed stands for energy density. It is clear that the energy density in both
the theories is same in the case, if possible, ∆′ = constant. The only non-
zero component of momentum density is along φ direction and (for λ = 1) is
given by
Ξ02 =
1
κ∆2
{∆(AB′′ −A′′B)−∆′(AB′ − A′B)} − 1
κ
(B′′∆− 2B′∆′). (25)
that is,
MdTPT = M
d
GR − 1
κ
(B′′∆− 2B′∆′), (26)
where Md stands for momentum density. Again in the case, if possible, when
B is constant the momentum density in TPT and GR become same.
4 Some Special Cases of Spatially Homoge-
neous Rotating Spacetimes
In this section, we would like to mention some special cases of spatially
homogeneous rotating spacetimes. At the end, the results for these cases will
be given in tables.
1. The Reboucas(Rb) Spacetime [31]
By choosing A(r) = −(1 + 3c∗2) and B(r) = 2c∗, where c∗ = cosh2r and
s∗ = sinh2r, the metric (14) takes the form
ds2 = dt2 − dr2 + (1 + 3c∗2)dφ2 − dz2 + 4c∗dtdφ, (27)
2. The Som-Raychaudhuri(SR) Spacetime [31]
By choosing A(r) = r2(1− r2) and B(r) = r2, the metric (14) reduces to
ds2 = dt2 − dr2 − r2(1− r2)dφ2 − dz2 + 2r2dtdφ, (28)
3. The Hoenselaers-Vishveshwara(HV) Spacetime [31]
By choosing A(r) = −1
2
(c−1)(c−3) and B(r) = c−1, where c = coshr, the
metric (14) implies that
ds2 = dt2 − dr2 + 1
2
(c− 1)(c− 3)dφ2 − dz2 + 2(c− 1)dtdφ, (29)
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4. The Go¨del-Friedmann(GF) Spacetime [31]
By choosing A(r) = s2(1−s2) and B(r) = √2s2, where s = sinhr, the metric
(14) turns out as
ds2 = dt2 − dr2 − s2(1− s2)dφ2 − dz2 + 2
√
2s2dtdφ, (30)
5. The Stationary Go¨del(SG) Spacetime [30]
By choosing A(r) = −1
2
e2ar and B(r) = ear, where a = constant, the metric
(14) becomes
ds2 = dt2 − dr2 + 1
2
e2ardφ2 − dz2 + 2eardtdφ, (31)
The corresponding energy-momentum densities of these spacetimes are given
in the following tables:
Table 1: Energy Densities of the Reduced Cases of Spatially Homo-
geneous Rotating Spacetimes
Spacetime In GR [38] In TPT Remarks
Rb Θ00 =
2s∗
pi
Ξ00 =
3s∗
2pi
Ξ00 =
3
4
Θ00
SR Θ00 =
r
2pi
Ξ00 =
r
2pi
Ξ00 = Θ
0
0
HV Θ00 =
s
4
√
2pi
Ξ00 =
s
8
√
2pi
Ξ00 =
1
2
Θ00
GF Θ00 =
cs
pi
Ξ00 =
cs
2pi
Ξ00 =
1
2
Θ00
SG Θ00 =
a2
4
√
2pi
ear Ξ00 =
a2
8pi
ear Ξ00 =
1√
2
Θ00
Table 2: Momentum Densities of the Reduced Cases of Spatially
Homogeneous Rotating Spacetimes
Spacetime In GR [38] In TPT Remarks
Rb Θ02 =
6c∗s∗
pi
Ξ02 =
5s∗c∗
pi
Ξ02 =
5
6
Θ02
SR Θ02 =
r3
pi
Ξ02 =
4r3+r
4pi
Ξ02 = Θ
0
2 +
r
4pi
HV Θ02 =
s(c−1)
4
√
2pi
Ξ02 =
s(3c−2)
8
√
2pi
Ξ02 = Θ
0
2 +
cs
8
√
2pi
GF Θ02 =
√
2cs3
pi
Ξ02 =
cs(5s2+c2)
2
√
2pi
Ξ02 =
5
4
Θ02 +
c3s
2
√
2pi
SG Θ00 =
a2
4
√
2pi
e2ar Ξ02 =
3a2
8
√
2pi
e2ar Ξ02 =
3
2
Θ02
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5 Summary and Discussion
There is a large literature available [34] about the study of TP versions of
the exact solutions of GR. Recently, Pereira, et al. [32] obtained the TP ver-
sions of the Schwarzschild and the stationary axisymmetric Kerr solutions of
GR. They proved that the axial-vector torsion plays the role of the gravit-
omagnetic component of the gravitational field in the case of slow rotation
and weak field approximations. In previous papers [33,35-37], we have found
the TP versions of the Friedmann models, Lewis-Papapetrou spacetimes,
stationary axisymmetric Einstein-Maxwell solutions and also discussed the
energy-momentum distribution in last three papers.
The problem of localization of energy has been reconsidered, in the frame
work of TPG, by many scientists. Some authors [25,27] showed that energy-
momentum can also be localized in this theory. It has been shown that the
results of the two theories are either same or disagree with each other for a
given spacetime. Mo¨ller showed that a tetrad description of a gravitational
field equation allows a more satisfactory treatment of the energy-momentum
complex than does GR.
Currently [35-37], we considered some particular spacetimes and calcu-
lated the energy-momentum densities and found that the results disagree in
general but can coincide under certain conditions. In this paper, we extended
the work and explore the energy-momentum distribution of spatially homo-
geneous rotating spacetimes by using the TP version of Mo¨ller’s prescription.
We found that the results are not generally same as found in the context of
GR [38]. If, possibly, we choose ∆′=costant(as in the case of SR spacetime),
then
EdTPG = E
d
GR (32)
and for B=constant
MdTPG = M
d
GR (33)
It should be worth mentioning here that only the non-vanishing component
of the momentum density is along φ-direction which is due the cross term
dtdφ involving in the metric (14). It is similar to the case of stationary
axisymmetric Einstein-Maxwell solutuons [35]. Further, we consider some
special cases and found their energy-momentum distribution by replacing
the corresponding values of the metric functions. It is shown that the energy
density is same in both the theories only in the case of SR spacetime while
for the other cases it turns out as multiple of some real number, as given in
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table 1. The relation between the components of momentum density in GR
[38] and TPT are given in last column of table 2 for every reduced spacetime.
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